



































但し iHI iil２忽ｎＵＳ１ ０
areoftencitedascompanionmatricesoftheFrobeniusfOrm［２，３１Hereafter，ＡｌｉｓｄｅｎｏｔｅｄｂｙＡ/、LetPbea
non-singularmatriMe，PEGL(";K)．sinceの,-,4p(z)＝のA(z)，P-lAPwithacompanionmatrixAof/isalsoa
…､……川｡…M･…Ⅲ…･Ｉｈ作(６１)…薑(;})……｡．m…
matricesof(Z-1)2,althougMisnotsimilartoBByHamilton-Cayleyistheorem,のA(A)＝ＯThen，
Propositionl・ﾖPeGL(":Ｋ);Ｐ~'AP＝A,‐八A)＝０
LetⅣ＝{1,2,…,"}ａｎｄＱ亡NwithlQl＝jwherelQlstandsfOrthcorderoflQlAsubmatrixofAassociatedwiｔｈＰ
ｄｅｆ
,denotedbyAn,isdefincdasamatrixwhosejthrowsandcolumnsaredeletedfromAfOrallノＥＱ;ＡⅣ＝(1)
Theorem2.〃Ｍａｃ川α"』。"matrjXqﾉｶﾉﾉ`"α,=(-1)'ZlAnl杣elMZ…加川。"川esoverq〃ＱＭｒハ
｜Q|="-i
lQl="-iα"dlAルノzjbjMM'erMmjqMn
PmqfSinceAisacompanionmatrixoff
(2)lZE-A|=ZaiZm-'（αo＝1)．
ｉ＝O
BWMm･noftM・に加川|仏Al一息剛直(sMjWM川)Ｈ､[｡`小Kr….州.,…,…。
signatureofapermutationCinthesymmetricgroupOfi,ｏｆorder凪BycompaIingthecoefficientsofdegreelz-jin(2)，
‘戸,農,｡ふ)sgnoj1(-｡,｡m】
Here,０４(/V-P)isthesetofallbijectivetransfOrmationsofⅣ-Ｑ,andthefirstsummationiscarriedoutoverallsubsets
ofNoforder"-jThen,α`=(-1)'ZlAol．■
lQl="-i
Especiallyfbrj=land",itfbllowsdirectlyfromTr(P-IAP)=mandlP-IAPl=|Althatq1=-TnMndam=(-1)mlAl
ThefOllowingisreadilydeducedfromTheorem2．
CoroUary3・ﾖPEGL(";K);P-1AP=Aノーα,=(-1)，zlAo
1nl="-ｉ
3.HomogeneousLinearOrdinaryDifferentialEquation(HLODE）
LetKbeatopologicalfield,Ｃ~(K)thesetofallinfinitelydifferentiablefimctions・SubstitutionoM,fOrzin(1)
yieldsadifferentialoperator〃i)ofＣ~(K)toＣ~(K）Letxbeafimctionofl（EK)andconsiderthehomogeneous
linearordinarydifferentialequation：
(3)/(｡ＩルーO
HerMlo雪IwiththeidentityoperatorJEquation(3)iswritteninthefOrmofX=A'xwithx=(xi沖!＝xルーx,…，
ｘ"＝ｘ("~】)＝。!"-1xasmensionedinlntroduction
Now,considertheconverseproblemtofindarepresentationof(3)equivalenttoagivensystemoflineardifferential
equations丈=Ａｘ(AEGL(";K)）
ＬｅｔＰ=(p1p2…p､）withcolumnvectorsHAP=PA/givesAp1＝-α川，Ａｐユーp1-am-Ip〃，…，
Apm=pi-]-α,p,Then,p,=(A､~'十α１AⅧ~j~!+…+qm-iE)pⅧThuMhefOllowingpropositionhold３
Proposition4・AP=PA,－Ｐ=(pi),p,=(A風‐'+ａ１Ａｍ－ｊ~'+…M-iE)Ⅲ
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TheconverscofProp4holdsfOrPEGL(Ｍ）
Proposition5､此tPEGL(Ｍ）
Ｐ=(pi几ｐ（=(Am-'+a1Am-i~'十…+am-iE)p,＝ＡＰ=PA，
Pmq/mtsufficestoshowAp,＝－α､p〃ＢｙＰｒｏｐ１，Ａ､＋αlAm-1＋…＋α､-,Ａ＝－αmE
Sincep,=(A､~!+a1Am-2+…+α風-,E)、,Ap1=-αⅢ ■
Letxobeagivenvectorandi=Axwithx(O)=xoThen,ｘ=(expZA)xoistbeuniquesolutionoftheinitialvalue
problcmofえ=Axwithx(O)=xolnthecaseoMP=川,withPEGL(Ｍ)andbysettin“=Py,y=(expfA,)ハ･
isthesolutionofj'＝A,y,ｙ(O)＝P-I川
4.JordanCanonicalForm
LetJbeamatrixoftheJordancanonicalformsimｉｌａｒｔｏＡ，ｉｃ.,ﾖＵＥＧＬ(Ｍ)；ノーU-lAUSupposc
ﾖVEGL(Ｍ);ﾉV=Ⅶ,、Then，Ａ(UV)=(ＷⅡNow,letＰ=(p]p2…p`）ｗｉｔｈｐｊ≠0（ﾉｰ1,2,…,")ａｎｄ
pﾉｰ`(ハハ…pmj)satisfyingA,P=〃TwocasesareconsideredaccordingtodiagonalandnondiagonaM
CaseLJ:DiagonaLLet几i(j＝1,2,…,")becigenvaluesA,、BytheassumptionofAEGL(Ｍ)orＡ'EGL(",K),all
几/sarenonzero・PisassumedtobeamatrixrelatedtoA/as
…いIl
HencM'pﾉｰﾙp｣(ﾉｰL2,…,"）ＴｈｕＭｗ=ﾊﾊｰﾊﾙＭ(j=L2,…,"－１）Then,ｐﾉｰﾊ/(ルノリー！)=０
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Proposition6.(1)入j≠几ｊ(ｊ≠ﾉ)－|Ｐｌ≠０(2)ﾖj,/(』≠/);几i＝ｽﾉｰ|P|＝０．
Corollary7・ﾖPEGL(Ｍ);AP＝PAノー几i≠几j(』≠/)．
Corollary7impliesthatalleigenvaluesofamatrixsimilartoanon-singularAノaredifferentoneanother,ｉｎcasetheJordan
canonicalfOrmofA／isdiagonaL
ｃａｓｅ２．Ｊ:Nondiagonal,i､ｅ,thereexistsaJordanblockofJoforderlargerthanL
ルル血ⅢMMM化’
Jisdenotedby雪Ｊ,orJ,①Ｊ２ｅ…①J,ThecharacteristicpolynomialofJis／(z)=Ⅱ(z-ﾉＷ，,witM≠/Ｗ≠/)，
Z"ガールＬｅＭ｝)denotethecompanionmatrixof(Z-/Ｗし恥uchthatAF1B＝２Ｊ,（j=1,2,…,r)resultsin
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SinceAEGL(Ｍ)isassumed,几≠ＯＷｉｔＭ′望A,－岨,Ａ,P＝Ｒﾉyields
“FM仏即化…昨朋叱□;I
Suchasequenceofvectorsas{pi}definedbyp,=Aハwithp"≠OiscalledtheKrylovsequenceassociatedwitM′
[3]Bysettingp,＝ｐ，
Ｐ=(p,p`…pJ=(A,p小]…A,肌)=(A/i-'１Ｗ-2p…A,pp〕
Now,considerthedeterminantof川ncep,=A,m-ip=(A,-肥)､~'p,p,MinearcombinationoM,卿~'Ｍ/､~i-1p,…,p
Hence,lPl=W-lIW-2p…A,ppl
6.ConstructionofNon-singularMatrixPfDrNondiagonalJ
TheproblemtosolveistoshowtheexistenceofPＥＧＬ(";Ｋ);Ａ/Ｐ＝〃andconstructsuchP・
definedas
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(川行書に加川薑二(1かw≦(洲)即行霊に))腓)…い，
‐妄し鼻峰い({ﾙ化…
Here,thefactorintheparenthesessatisfiesthefOllowinglemma
L…'`、識鼻胞訓に')(ﾙ(ルノ篁伽〕
P"q/《Therightisthenumberofm-elcmentsubsetsXofⅣ＝{1,2,…,"}・ＬｃｔｌＶ１ａｎｄＭｂｅⅣ＝Ⅳ,ＵⅣ2with
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2２ YoshimitsuIwAsAKI
＆|:愛Ｊｌ１１ｌ
Ｍ鬘]h薑二に加州臺二に加炉｡｢≦にルソ訓川朧叶
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Significanceofthecompanionmatrixinhomogeneouslinearordinarydifferentialequation 2３
Ⅲ…-ﾑ(ＡＡ)戸刈Ｍ－Ｉ１１ｊ三:=i｢叺
For〃－ｋノ≦〃－１，
ＭF-A鵬菖(j加害俳客({こり岬喜({)卜叶喜|({)-({二》
小宮(ｊかM鋤菖卜1ノル,'鱗u
ThefbllowinglemmaisshownbefOrecompletingtheprooffOrノール
L…２２≦(-1yい)(Ⅷ-1+勺臺(-ﾘ'二(‐ﾘ(;二iル(州
Pmq/FReplacingp-Abykyieldsthefirstequality．
（:二i1Il)T≦fiii+;!L万,｢満薑病万i｢;;L万,F(1)(;〕
whence
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Retumtotheproofoftheproposition
Forノール
（ハル書(-qm-1WjMI，）
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■
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Itis,accordingly,verifiedthat
Theorem23．
（１）ＶＪ:ﾉＶｏ"｡､go"αﾉﾉ､伽"6ﾉ｡ＣＡＷ助ａＭｇｅ"wM"ビルヨPEGL(Ｍ);Ａ,P＝Ｒﾉ．
Pi`……P=(A,鳳一'pA/m-2p…A,ppﾙ肋p=`('('十小(Ｍｙ－１）
（２）Ｖﾉｰ雪Ｊ１,ヨＦ１(j=1,2,…,'加
（雪A〉))(雪隠)藝(雪鳳)(雪」,)＃(AﾄﾞﾙIMFwM化p）
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7．SolutionofHLODEthroughCompanionMatrix
Let/(z)beapolynomialof(1)and/(z)=Ⅱ(z-入iｿｶﾞ
ﾉ(ﾕﾙｰOisgivenby
㈹←晉吾・ハハ薑小MT;=７７(孟ｒｒｎｉ－ｌ
「
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１
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2４ YoshimitsuIwAsAKI
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s･lutionofj【=Axisexpressedasx=PyN='(xhwい))wherePMnoMngularmatlixsuchtMAP=川,Here，
x(j)requirescalculationoM1eルルThefOllowinglemmaisreadilyproved
L……戸にい)二1Ｊ
…伽2…戸…嘉刎“ルカ
肋q/『sinceルハj＝eAj,thcpropositionholdsfOrm＝O1nthecaseofO三ｍ≦ﾉ，
〃壜｢`(`，排鬘(“か…臺喜(Tlルル…Ｊ
‐｡…辮喜化)辮側牌}ハ篝菫ルノ…弓夷牌抄伽
Similarlytothiscase,themathematicalinductiononmisadaptedtom〉ノ．
‘'ｾ｢``仲u)‐(経Ｔｌ抄壮喜(噸｣１１ﾆﾙ)w胸挑"）
‐(い71Ｊ(二二)帖辮≦(い=対川角!`ルセ鰄薑ハ
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ByTheorem23(2),itis,therefOre,sufficientonlytoapplytheabovegeneralsolution(4)tothecaseof/(z)=(Z-い､，，
inordertosolvethehomogeneousli､earordinarydifferentialequatio、
8.EngineeringApplication
Theautomobilecar-bodyrequirescold-rolledsheetoflowcarbonsteelwithhighstrengthaswellaspressfOnnability
andnon-ageinglntheprocessofproductionofsuchsteelsheet,thecontinuousannealinglinehasbeenemployedsince
l970s・Onrapidcooling,interstitialatomsofcarbonandnitrogencontainedinthesteelintheorderoflOwtppmremainin
solidsolutionTheseatomscandiffUsetodislocationstorelaxinternalstressevenatroomtemperamre,andtheydeteriorate
pressfOrmability・Theinternalfrictionmeasurementwhichisnon-destructiveandthemostpreciseanalysisofeach
interstitialhasplayedanimportantroletocontrolthecontentofinterstitialsinsolidsolutionAspeciesofinterstitialyields
aSnoekpeakofi､ternalfrictionduetostress-inducedorderingofinterstitialatoms[5]・TheSnoekpeakisananelastic
relaxationpeakoftheDebyetypeThemechanicalbehaviouroftheinterstitialsunderanappliedstressischaracteristicof
thestandardlinearsolid[6］Eachstandardlinearsolidcorrespondingtoaspeciesofinterstitialsisrepresentedbyan
ordinalydifferentialequationofstressandstrain・ThereexistdifferentialequationsfOreachspeciesofinterstitials・The
behaviourofsolid,heresteelsheet,isaresultantsynthesisofallinterstitialsinsolidsolutionThepresentmathematical
considerationlinkssinglerelaxationstoamultiplerelaxationtounderstandmechanicalpropertyofthelowcarbonsteel
sheet・FUrthennore,decompositionofthemultiplerelaxationintoitsconstituentsinglerelaxationsistheoreticallyasserted
Theconjugatevariablesofthestrainandstressarepointedoutastheintroduction
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